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Abstract
For a given conic bundle X over a curve C defined over Fq, we count irreducible branch covers of C
in X of degree d and height e≫ 1. As a special case, we get the number of algebraic numbers of degree
d and height e over the function field Fq(C).
1. Introduction
Let L be a number field of degree n over Q. One defines the counting function NL(d,m,B) to be the
cardinality of the set of m-tuples of algebraic numbers α = (α1, ..., αm) such that [L(α1, .., αm) : L] = d and
H(α) ≤ B where H is the absolute height function on Lm. It is a nontrivial fact that this set is finite– a
result due to Northcott [Nr]. Determining the asymptotics for the counting function NL(d,m,B) is an old
problem with few results in the literature.
In 1979, Schanuel proved that NL(1,m,B) ∼ SL(m)Bn(m+1) where SL(m) is a constant depending only
on L and m, see [Sc]. In 1995, Schmidt considered the quadratic case, that is d = 2, and proved that
NQ(2,m,B) is asymptotic to S(d,m)B2(m+1) if m ≥ 3, to S(d,m)B6logB if m = 2 and to S(d,m)B6 if
m = 1. In 1995, Gao showed that NQ(d,m,B) ∼ S(d,m)Bd(m+1) for d ≥ 3 and d ≤ m where S(d,m) is
a positive constant depending only on d and m, see [Ga]. For d ≥ 3 and d > m, Gao also proved that the
order of growth of NQ(d,m,B) is Bd(m+1).
Another result along this direction is due to Masser and Vaaler, see [MV]. They proved thatNL(d, 1, B) ∼
s(L, d)Bnd(d+1) where n = [L : Q] and s(L, d) is a constant depending only on L and d. Their idea for L = Q
is as follows: every algebraic number α ∈ Q with [Q(α) : Q] = d and H(α) ≤ B corresponds to a monic
polynomial f(x) ∈ Z[x] of degree d such that H(α) =M∞(f)1/d where M∞ is the Mahler measure. Now,
one counts the monic polynomials f(x) ∈ Z[x] of degree d with M∞(f) < Bd.
One can formulate the problem above for L = Fq(C) where C is a projective smooth curve defined over
Fq. In this setting, we use the additive height function h on L. The difficult part of Masser and Vaaler’s
proof is mainly the technicality due to Mahler measure. In the case L = Fq(C), the height function is a
lot more canonical. In other words, there is no complications due to the place at infinity. For example,
the relation between the additive height of an algebraic number α of degree d over L and the height of its
monic polynomial f(x) ∈ L[x] is simply given by the equation dh(α) = h(f) where h(f) is the height of the
coefficient vector of f(x), see [Th2, Lemma 6]. Therefore, it is often more natural to work over function
fields to understand the nature of the problem, and then formulate it over number fields.
In case L = Fq(C), Thunder proves the function field version of Masser-Vaaler’s result. To be precise, let
ML(d, 1, e) be the number of algebraic numbers of degree d over L and with absolute additive height exactly
e. Then, one has ML(d, 1, e) ∼ da(d)qend(d+1) where [L : Fq(t)] = n and a(d) is a constant depending only
on L and d [Th2, Theorem 1]. Note that having additive height e corresponds to having Weil height qe and
so the order of growth in Thunder’s formula exactly matches the one in Masser-Vaaler’s formula. Counting
algebraic numbers over Fq(C) of degree d is as the same as counting irreducible branch covers of C of degree
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d inside the ruled surface π : P1 ×C → C, which one can realize as a trivial conic bundle. In this paper, we
make a modest generalization of this result by counting covers in any given conic bundle over a curve C/Fq.
Let q be a power of an odd prime, C be a geometrically connected smooth reduced projective curve
defined over Fq of genus g and let L be an invertible sheaf over C of degree l. Let π : X → C be a
geometrically irreducible projective conic bundle without non-reduced fibers such that X/Fq is smooth. Let
ι : X →֒ P2 ×Fq C be an embedding given by the equation ax2 + by2 + cz2 = 0 where a, b, c ∈ Γ(C,L) with
Supp(a) ∩ Supp(b) ∩ Supp(c) = ∅. Finally, let f := pr1 ◦ ι : X → P2 be the composition of ι with the
projection map pr1.
A multisection is a branch cover of C defined over Fq contained in X . If π|Y : Y → C is a multisection
then its degree is just the degree of the branch cover. The height of the multisection Y → C is defined to
be the number e(Y ) = Y.H where H denotes a Weil divisor in the divisor class attached to the line bundle
f∗OP2(1). We say a multisection is of type (d, e) if it is of degree d and height e.
Likewise, we define the height of a divisor D on X to be the intersection number e(D) := D.H . We call
D of type (d, e) if D.F = d for any geometric fiber F and D.H = e.
In this paper, we estimate the number of irreducible multisections of type (d, e) for any given smooth
conic bundle π : X → C. More precisely, let
ζC(s) :=
∏
closed P∈C
1
1− q−sdegP
be the Riemann-zeta function of C/Fq. Let M(d, e) =MX(d, e) be the number of irreducible multisections
of type (d, e) in X . Then, there is a constant K(d) depending only on the conic bundle X and d reflecting
the contribution of the singular fibres to the leading coefficient of our estimate of M(d, e), which will be
defined in section 3, such that we have:
Theorem 1.1. For any even positive integer d ∈ Z there exists a constant N depending only on the conic
bundle and d such that for every e > N , we have
M(d, e) = J(C)K(d)a(d)
(q − 1)ζC(d+ 1)
√
q
(d+1)e
+O(
√
q
de
)
where a(d) =
√
q(d+1)(2−2g)−l([d/2+1]
2−1)
and J(C) is the cardinality of Jacobian of C/Fq.
We get Thunder’s result for even integers d ∈ Z [Th2, Theorem 1] as an immediate corollary of Theorem
1.1. Note that, after having the necessary notation in section 3, we will show that the corollary below is
really Thunder’s result.
Corollary 1.2. Let X = P1 × C and X →֒ P2 × C be an embedding via O((2, 1)). Then, we have:
MX(d, e) = J(C)a(d)
(q − 1)ζC(d+ 1)
√
q
(d+1)e
+O(
√
q
de
)
for sufficiently big e≫ 1 where a(d) = q(d+1)(1−g) and J(C) is the cardinality of Jacobian of C/Fq.
The outline of the paper is as follows. In section 2, we will compute PicX and the dimension of the
linear system |D| for any given divisor D ∈ PicX of type (d, e). In section 3, we first will determine the
proportion of the fiber-free effective divisors in a given linear system |D| and we will prove our theorem by
estimating to the number of irreducible ones. We conclude our paper with a discussion on our conjecture.
2. Dimension of a Linear System
In this section, our main purpose is, for a given a divisor D of type (d, e) on X , to compute the dimension
of the linear system |D| and also to find the proportion of irreducible curves in the linear system |D|, see
Corollary 2.9 and Corollary 2.10. First, we will compute some intersection numbers and using Riemann-
Roch, we will get the Euler characteristic χ(X,O(D)). Second, in Proposition 2.8, we will show the vanishing
of the first cohomology group for a divisor with sufficiently big height and this will give the dimension of the
linear system and the proportion we desire.
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Once and for all, fix a finite field Fq with charFq > 2. Fix a smooth projective reduced geometrically
irreducible curve C/Fq and a conic bundle π : X → C defined (and smooth) over Fq with an embedding
ι : X →֒ P2×Fq C and without non-reduced fibers. Fix also an even positive integer d ∈ Z and set d′ := d/2.
Let the conic bundle ι : X →֒ P2×FqC be given by the equation ax2+by2+cz2 = 0 where a, b, c ∈ Γ(C,L)
with Supp(a) ∩ Supp(b) ∩ Supp(c) = ∅ and L is an invertible sheaf over C. From now on, l will denote the
degree of the sheaf L and H will denote a Weil divisor attached to f∗OP2(1). For a variety V , in Div(V ),
linear equivalence will be denoted by ”∼” and numerical equivalence will be denoted by ”≡”. Genus of the
base curve will be denoted by g = g(C) and the arithmetic genus of X by pa(X) := χ(OX)− 1.
Given a geometric or a closed point P on C, we will denote the fiber over P by XP := X×C P . Note that
XP is either a smooth conic or a union of two distinct projective lines in which cases we call, respectively,
nonsingular and singular.
In this section, we will mostly work over the algebraic closure Fq to ease the notation and we will carry
the results of this section to over Fq. For this section, set E1, ..., Ek, E′1, ..., E
′
k to be the components of
singular geometric fibres. Set X = X ×Fq Fq and C = C ×Fq Fq.
Lemma 2.1. For any geometric fibre F of π and for any i ∈ {1, .., k}, we have
i. F 2 = Ei.F = E
′
i.F = 0;
ii. Ei.E
′
i = 1 and E
2
i = E
′2
i = −1;
iii. H.F = 2 and H.Ei = H.E
′
i = 1;
iv. H2 = l;
v. F.KX = −2 and Ei.KX = E′i.KX = −1 where KX is the canonical divisor of X.
Proof. Clearly, we have (i), (iii) and that Ei.E
′
i = 1. Since (Ei + E
′
i)
2 = 0 and Ei.E
′
i = 1, we have
E2i = E
′2
i = −1. Setting y = z = 0 in the equation of the conic bundle, we get the self-intersection
H2 = degdiv(a) = degL = l where div(a) = ∑P∈C,a(P )=0 vP (a)P is the divisor on C corresponding to
section a.
Now, (v) immediately follows from the adjunction formula and this completes the proof of the lemma.
If the generic fiber Xη is a trivial, then one can show that there exists a section C0 and that PicX is
generated by π∗PicC, −1-curves Ei’s and the section C0. Otherwise, one replaces the section C0 with H .
Using Lemma 2.1, one can see that H − 2C0 ∈ π∗PicC. Therefore, in any case, if D is a divisor with even
intersection number D.F then D can be written as a sum of fibers, −1-curves and H . This is what we show
below (one can indeed show that X is a blow up of a ruled surface over finitely many points):
Proposition 2.2. Let D be a divisor in Pic(X) such that D.F is even. Then, D = aH +
∑r
i=1 ciFi +∑k
i=1 biEi where Fi’s are geometric fibers and Ei’s are exceptional divisors. Moreover, π
∗ : Pic(C) →֒
Pic(X) is injective.
Proof. Let D be such a divisor on X and F be a geometric fibre. Since D.F is even, there exists an m such
that D = D0 +mH with D0.F = 0. Consider the divisor
Dn = D0 + nF.
We have:
D2n = D
2
0 and Dn.KX = D0.KX − 2n.
Applying Riemann-Roch, we get
l(Dn)− s(Dn) + l(KX −Dn) = 1
2
(D20 −D0.KX + 2n) + 1 + pa(X)
= n+ χ(D0).
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As n → ∞, l(KX −Dn) vanishes (because the intersection number (KX −Dn).H tends to −∞) and this
implies that the linear system |Dn| is nonempty for some n.
Let D′ ∈ |Dn|. D′.F = Dn.F = 0 so every component of D′ is either a pull-back of a divisor of C or a
component of a singular geometric fibre i.e. D′ =
∑
i Fi +
∑
j Ej +
∑
k E
′
k in Pic(X). Thus
D = D0 +mH = Dn − nF +mH = D′ − nF +mH
in Pic(X) and we are done with the first claim.
Since C and X are projective, the natural maps PicC →֒ PicC and PicX →֒ PicX are injective, see
[HS, Proposition A.2.2.10]. Injectivity of π∗ : PicC → PicX is clear because PicC →֒ Pic(P2 ×
Fq
C) and
Pic(P2 ×Fq C) →֒ PicX are injective.
We will need the following lemmas to compute the Euler characteristic:
Lemma 2.3. We have χ(H) = 4g− 4 + 2l where χ(H) := 2g(H)− 2 denotes the Euler characteristic of H.
Consequently, H.KX = 4g − 4 + l.
Proof. By Bertini’s theorem (recall that we are working over Fq), one can can choose a divisor Y in the
divisor class of H which is a smooth curve and degree-2 branch cover of C in X. In fact, let α ∈ Fq and
OP2(1) : z = αx. Replacing z by αx in the equation of X , one gets Y : (a + α2c)x2 + by2 = 0. Since
a, b, c ∈ Γ(C,L) has no common support, one can choose α ∈ Fq such that Supp(a+α2c)∩Supp(b) = ∅ and
this implies that Y is a double cover of C.
Clearly, the ramification divisor of the cover π|Y : Y → C has degree 2l. Hurwitz theorem implies that
χ(H) = χ(Y ) = 4g − 4 + 2l. By the adjunction formula and Lemma 2.1, we get H.KX = 4g − 4 + l.
Lemma 2.4. We have KX ≡ −H + (2g − 2 + l)F where F is a geometric fiber.
Proof. By Proposition 2.2, we have KX ∼ aH + bF +
∑k
i=1 ciEi. By (iii) and (v) of Lemma 2.1, 2a =
F.KX = −2 and a = −1. This implies that Ei.KX = −1 − ci; by Lemma 2.1 (v), we get ci = 0 for all
i = 1, ..., k. By Lemma 2.1, we have H.KX = 2b− l and by Lemma 2.3, b = (2g − 2 + l). We are done.
Proposition 2.5. Let D ≡ d′H + aF +∑ki=1 biEi be a divisor on X of type (d, e). Then,
χ(X,O(D)) = 1
2
[(d+ 1)(e+ 2− 2g)− l((d/2 + 1)2 − 1)−
k∑
i=1
b2i ]
where χ(X,O(D)) is the Euler characteristic of the line bundle O(D).
Proof. Using Lemma 2.1 and Lemma 2.4, we compute the intersection number D.(D −KX):
= d′(d′ + 1)l + 2d′(a+ 2− 2g − l) + d′
k∑
i=1
bi + (d
′ + 1)(2a+
k∑
i=1
bi)−
k∑
i=1
b2i
= 2a(d+ 1) + (d+ 1)
k∑
i=1
bi + (d
2/4− d/2)l+ d(2 − 2g)−
k∑
i=1
b2i
= (d+ 1)(e+ 2− 2g)− l(d2/4 + d)−
k∑
i=1
b2i + 2g − 2.
On the other hand, X is birational to P1 ×Fq C, see [Be, Theorem III.4]. Since the arithmetic genus of a
projective surface is a birational invariant [Ha, Section V, Corollary 2.5], pa(X) = −g. Now, by Riemann-
Roch and a simple computation, the claim of the proposition follows.
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Recall that we want to count irreducible multisections in linear systems of divisors of type (d, e). Not all
divisors of type (d, e) contain a multisection:
Proposition 2.6. Let D ≡ d′H + aF +∑ki=1 biEi with bi ≥ 0 for all i = 1, .., k. Suppose that there exists a
multisection Y ∈ |D|. Then, 0 ≤ bi ≤ d′ for all i = 1, ..., k.
Proof. Since Y is a irreducible multisection, for each i we have Y.Ei = d
′ − bi ≥ 0. Done.
By Proposition 2.2, a divisor D on X of type (d, e) is numerically of the form D ≡ d′H+aF +∑ki=1 biEi.
One can also assume that bi ≥ 0 by replacing Ei’s with E′i’s if necessary. From now on, by a divisor of type
(d, e), we mean a divisor D ≡ d′H + aF + ∑ki=1 biEi of degree d and height e with the extra condition:
0 ≤ bi ≤ d′ for all i = 1, ..., k.
Above, we calculated PicX and the Euler characteristic of a divisor D. In order to get the dimension of
the linear system of a divisor, we need to show the vanishing of the first and the second cohomology groups
(at least, for the divisors with sufficiently big height). First, we need a lemma:
Lemma 2.7. H0(X, j∗OXP ⊗OX O(D)) ∼= H0(XP , j∗O(D)).
Proof. We know that
H0(X, j∗OXP ⊗OX O(D)) ∼= HomOX (OX , j∗OXP ⊗OX O(D));
by the projection formula [Ha][II, Exercise 5.1],
∼= HomOX (OX , j∗j∗O(D));
by the adjunction property,
∼= HomOXP (j∗OX , j∗O(D)).
Finally, by definition, j∗OX ∼= OXP and we are done.
Proposition 2.8. There exists an absolute positive constant N ∈ Z such that for any divisor D ≡ d′H +
aF +
∑k
i=1 biEi with 0 ≤ bi ≤ d′ for i = 1, .., k, H1(X,O(D)) = H2(X,O(D)) = 0 whenever e(D) ≥ N .
Proof. Let b¯ = (b1, ..., bk) be a k-tuple with 0 ≤ bi ≤ d′ for i = 1, .., k. Recall that k is the number of
singular fibres. Let Db¯ = d
′H +
∑k
i=1 biEi and let F1, ..., Fr be nonsingular geometric fibers. We first
claim that there exists a constant Nb¯ depending only on the conic bundle and the divisor Db¯ such that
H1(X,O(Db¯ +
∑
i aiFi)) = 0 whenever
∑
i ai ≥ Nb¯.
Set D = Db¯ +
∑k
i=1 aiFi. Let P be a geometric point on C and j : XP →֒ X be the inclusion.
Since d = XP .D > 0, H
1(XP , j
∗O(D)) = 0. By exercise 11.8 of [Ha, section III], its higher direct image
Riπ∗O(D) = 0 for i > 0 in a neigborhood of P in C. This holds for all geometric points so Riπ∗O(D) = 0
for i > 0 on C. By exercise 8.1 of [Ha, section III], we have
H1(X,O(D)) ∼= H1(C, π∗O(D)).
On the other hand, by the projection formula,
π∗O(D) ∼= π∗O(Db¯)⊗OC O(
r∑
i=1
aiPi)
where Fi = XPi for some geometric points P1, ..., Pr on C. Note that π∗O(Db¯) is a coherent sheaf because
O(Db¯) is coherent and π : X → C is a projective morphism, see corollary 5.20 of [Ha, III].
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Now, by proposition 5.3 of [Ha, III], there exists a constant Nb¯ depending only on the sheaf O(Db¯) and
on the curve C such that
H1(C, π∗O(Db¯)⊗OC O(
k∑
i=1
aiPi)) = 0
whenever
∑r
i=1 ai ≥ Nb¯. This completes the proof of the claim.
Let N ′ = max{Nb¯|b¯ = (b1, .., bk) with 0 ≤ bi ≤ d′ for all i} and let N = 2N ′ + d′e(H) + kd′. We claim
that N is the desired constant. Say D = Db¯ +
∑k
i=1 aiFi where b¯ is a tuple as above. Note that the
constant Nb¯ in the claim above does not depend on the choice of nonsingular fibres Fi’s. Note also that
a(D) :=
∑
i ai ≥ N ′ whenever e(D) ≥ N . Having noted these, it is now clear from the claim above that
H1(X,O(D)) = 0 if e(D) ≥ N .
As for the vanishing of the second cohomology group H2(X,O(D)), by Serre duality, H2(X,O(D)) ∼=
H0(X,O(KX −D)). By Lemma 2.4, KX −D ≡ −(d′+1)H+ cF +
∑k
i=1 ciEi for some constants c, c1, ..., ck.
Since (KX −D).F = −d− 2, H0(X,O(KX −D)) = 0 and we are done.
As an immediate corollary, we get the main result of this section:
Corollary 2.9. l(D) = χ(X,O(D)) whenever e(D) ≥ N .
Clearly, an effective divisor Y on X contains a fiber XP , P ∈ C a closed point, if a section corresponding
to Y vanishes on XP . Next corollary gives us the proportion of effective divisors containing XP when degP is
”small” relative to the height of the divisor. Given a closed point P ∈ C, denote the irreducible components
of the fiber XP by EP , E
′
P (in case the fiber is already irreducible, then set the convention: EP = E
′
P = XP ).
Let
F := {EP , E′P |P ∈ C is a closed point }
be the set of all the irreducible components of all the fibers. Since any finite subset S of F can be viewed
as a divisor on X/Fq, it makes sense to talk about its height e(S) := S.H (as defined above). Given a finite
subset S ⊆ F , we denote the union of the fibers in S by S˜, which is a closed subscheme of X.
Corollary 2.10. Let D be a divisor on X. If S is a finite subset of F with e(S) ≤ e(D) − N , then the
natural map
φS : H
0(X,O(D))→ H0(S˜, j∗O(D))
is surjective where j : S˜ →֒ X is the inclusion.
Proof. We consider S as a divisor on X in the obvious way. The following short exact sequence
0→ O(D − S)→ O(D)→ j∗OS˜ ⊗OX O(D)→ 0
with Lemma 2.7, induces the long exact sequence
0→ H0(X,O(D − S))→ H0(X,O(D))→ H0(S˜, j∗O(D))→ H1(X,O(D − S)).
Now, the claim follows immediately.
3. Proof of Theorem 1.1
For this section, set C<r to be the finite closed subscheme of C containing all the closed points P ∈ C with
degP < r. Likewise, set C≥r = C\C<r to be the open subscheme. Let C1 be the finite proper subscheme
of C containing all the closed points P ∈ C whose fiber XP is irreducible but not geometrically irreducible,
C2 be the finite proper subscheme of C consisting of all the closed points P ∈ C whose fiber XP is reducible
and let C0 = C\(C1 ∪ C2) be the open subscheme. Finally, let N be a constant as in Proposition 2.8.
Recall that EP , E
′
P denote irreducible components of the fiber XP for every closed point P ∈ C2 and that
EP = E
′
P = XP if P ∈ C\C2. By Proposition 2.6, with a right choice of connected component, every divisor
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D on X of type (d, e) is numerically of the form: D ≡ d′H + aXP +
∑k
i=1 biEPi with 0 ≤ bi ≤ d′/deg(Pi)
for i = 1, ..., n and for some (any) closed point P ∈ C.
By e≫ 1, we mean e > M for some constant M depending only on the conic bundle π : X → C and d.
We write f(x) = O(g(x)) if f(x) < Mg(x) for some constant M depending only on the conic bundle and d.
Every constant stated in this section depends on the conic bundle or on the curve so this dependence will
not be stated below.
In this section, we count irreducible multisections in a linear system of a given divisor D on X of type
(d, e). Here is the idea: effective divisors in the linear system |D| which are not irreducible multisections are
the ones whose support includes an irreducible component of a fiber or which can be written as a sum of
two (or more) multisections of lower degree. At the end of the section, we will see that the asymptotic of
reducible multi-sections of latter kind lies in the error term; this is easy! The difficult part is to determine
the asymptotic of the ”fiber-free” effective divisors.
Say D is a divisor on C of type (d, e) with sufficiently large height e. Given a closed point P ∈ C of
”small” degree, Corollary 2.10 gives us the proportion of the effective divisors Y ∈ |D| not including EP ,
which is approximately 1− q−degP (d+1) or 1− q−degP (d+2), or 1− q−degP (dP+1) depending on the case where
dP := D.EP /degP . The main problem is that the conditions for a divisor to include EP in its support are
not independent at different closed points P ∈ C. An idea used in the proof of Bertini’s theorem over finite
fields [Po]– due to Poonen– will help us to overcome this difficulty. In this section, our main purpose is to
show that the terms in the asymptotic due to this dependence lies in the error term.
First, we need to introduce some notation. Let D be a divisor on X of type (d, e). We define the counting
function of the fiber-free effective divisors in the linear system |D| as
Mf(D) := ♯{Y ∈ |D| : EP * Y and E′P * Y for each closed point P ∈ C}
and Mf (d, e) to be the sum of all Mf (D) over all divisors D of type (d, e) in PicX . Recall that
F = {EP , E′P |P ∈ C is a closed point}
to be the set of irreducible components of the fibers. Given a finite subset S of F with inclusion j : S˜ →֒ X ,
denote the proportion of the sections vanishing on S by
P(D,S) := ♯KerφS/ql(D)
where φS : H
0(X,O(D))→ H0(S˜, j∗O(D)) is the restriction. Note that P(D, ∅) = 1.
Lemma 3.1. Let D be a divisor on X of type (d, e). Then,
Mf (D) = q
l(D)
q − 1
∑
S⊂F
e(S)≤e
(−1)♯S(P(D,S)− 1
ql(D)
).
Proof. By definition, we have
Mf (D) = q
l(D)
q − 1
∑
S⊂F
finite
(−1)♯S(P(D,S)− 1
ql(D)
).
If e(S) > e, then P(D,S) = 1/ql(D) since the height of a curve is not negative; hence, the desired equality.
In this section, we will show thatMf (d, e) is asymptotic to the function introduced in section 1 and that
the difference Mf (d, e)−M(d, e) lies in the error term. This amounts to approximating to the sum of the
proportions P(D,S) over finite subsets S of F .
One might start attempting to approximate P(D,S) by pretending that the conditions of vanishing on
various EP ’s are all independent. This leads us to define proportions
P ′(D,S) :=
∏
EP∈S0
q−degP (d+1)
∏
EP∈S1
q−deg(d+2)
∏
EP∈S2
q−deg(dP+1)
Seyfi Tu¨rkelli 8
where Si = {EP ∈ S|P ∈ Ci} for i = 0, 1, 2 and dP = EP .D/degP . They are actually equal for subsets S of
small height:
Lemma 3.2. Let D be a divisor on X of type (d, e) and let S be a finite subset of F with e(S) ≤ e − N .
Then, P(D,S) = P ′(D,S).
Proof. Clearly, ♯H0(S˜, j∗O(D)) = 1/P ′(D,S). Now, the claim follows from Corollary 2.10.
As for the subsets S of F of ”medium” height, the next proposition shows that the number
P(D,med) :=
∑
S⊂F
e−N≤e(S)≤e
(−1)♯SP(D,S)
lies in the error term. First, we need a lemma:
Lemma 3.3. Let D be any divisor on X. Given a subset S ⊂ F , set S0 = {EP ∈ S|P ∈ C0}. Then, for
m≫ 1, we have ∑
S⊂F
e(S)=m
P ′(D,S0) = O(q−m/2)
where the implicit constant in question is independent of m.
Proof. Denote the number of closed points in a finite scheme V/Fq by |V |. We claim that for any given
positive integer n ∈ Z, one can take r ≫ 1 sufficiently big such that |V | ≤ r/n for any finite subscheme V of
C of degree r. Let n be given. Then, ♯C(Fq2n−1) < cq
2n−1 for some constant c depending only on the curve
C [LW]. Choose r such that r > 2ncq2n−1. Then,
|V<2n| ≤ |C<2n| < cq2n−1 < r
2n
.
On the other hand,
2n.|V≥2n| <
∑
P∈V≥2n
degP ≤ r
and so |V≥2n| ≤ r2n . This completes the proof of the claim.
Since there are only finitely many singular fibers, degπ(S0) > r := [m/2]−u for some fixed u ∈ Z (depend-
ing only on X) and for every such set S with e(S) = m. By definition, P ′(D,S0) = ∏EP∈S0 q−degP (d+1) <
q−r(d+1). Therefore,
∑
S⊂F
e(S)=m
P ′(D,S0) ≤
∑
S⊂F
e(S)=m
q−r(d+1) ≤ ♯{S ⊂ F|e(S) = m}q−r(d+1).
Again, because there only finitely many singular fibers, degπ(S) < r + w for some integer w (depending
only on the conic bundle X) and for any such set S. One can see that
♯{S ⊂ F|e(S) = m} < 3s♯{V ⊂ C|degV = r + w}
where s is the number of singular fibers. One can also see that
♯{V ⊂ C|degV = r + w} < p(r + w)clqr+w
where p(r + w) is the number of partitions of r + w, c is the constant defined in the claim above and
l = max{|V | : V ⊂ C and degV = r + w}.
Now, one can choose m≫ 1 such that p(r + w) < q(r+w)/2 by [Ap, Theorem 14.5] and l < r+w2logqc by the
claim above. Summing it up, we have
∑
S⊂F
e(S)=m
P ′(D,S0) ≤ 3sq−(d+1)rq(r+w)/2q(r+w)/2qr+w
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= O(q(1−d)r) ≤ O(q−r) = O(q−m/2)
since d ≥ 2. This completes the proof.
Proposition 3.4. For any divisor D of type (d, e) with e≫ 1, we have
P(D,med) = O(q−e/2).
Proof. Let D be such a divisor with e(D) > N . We first claim that there exists a constant A depending on
the conic bundle and d such that P(D,S) ≤ A.P ′(D,S) for every set S ⊂ F with e − N ≤ e(S) ≤ e. By
Proposition 2.8, H1(X,O(D)) = 0 and so the exact sequence
0→ O(D − S)→ O(D)→ j∗OS˜ ⊗OX O(D)→ 0
induces the long exact sequence (as in Corollary 2.10)
0→ H0(X,O(D − S))→ H0(X,O(D))→ H0(S˜, j∗O(D))→ H1(X,O(D − S))→ 0.
This implies that
P(D,S) = ♯H
0(X,O(D − S))
♯H0(X,O(D)) =
♯H1(X,O(D − S))
♯H0(S˜, j∗O(D)) = ♯H
1(X,O(D − S)).P ′(D,S).
On the other hand, if e−N ≤ e(S) ≤ e then 0 ≤ e(D−S) ≤ N . Since there are finitely many divisors D′ on
X with 0 ≤ e(D′) ≤ N and D′.F = d, we can take A = max{♯H1(X,O(D′))|0 ≤ e(D′) ≤ N and D′.F = d}
and complete the proof of the claim.
Now, by the claim above, we have
∑
S⊂F
e−N≤e(S)≤e
(−1)♯SP(D,S) ≤ A
N∑
n=0
∑
S⊂F
e(S)=e−n
P ′(D,S) ≤ A
N∑
n=0
∑
S⊂F
e(S)=e−n
P ′(D,S0)
where S0 = {EP ∈ S|P ∈ C0}. By Lemma 3.3, for e≫ 1 we have
∑
S⊂F
e(S)=e−n
P ′(D,S0) = O(q−e/2)
for every n = 0, ..., N and hence we are done.
Let C2 = {P1, ..., Pn} and b = (b1, ..., bn) = (bP )P∈C2 with −d′/degPi ≤ bi ≤ d′/degPi for each i =
1, ..., n. Let E be a divisor on C of degree 1 and let F := X ×C E be a divisor on X of height 2. Choose
a set of connected components EP of the fibers XP for each closed point P ∈ C2 and define Db := d′H +
aF +
∑
P∈C2 bPEP with D.H = e. Then, each divisor D of type (d, e) is numerically of the form D ≡ Db
for some tuple b as above. Consider the following constant
K(D) := K(b) =
∏
P∈C1
1− q−degP (d+2)
1− q−degP (d+1)
∏
P∈C2
(1− q−degP (dP+1))(1 − q−degP (d′P+1))
1− q−degP (d+1)
where dP = D.EP /degP = d
′ − bP and d′P = D.E′P /degP = d′ + bP . This constant depends only on the
numerical equivalence class of D; more precisely, it depends on the tuple b. This is the constant which
reflects the contribution of singular fibres to the leading coefficient of the counting functionMf (D) for each
relevant divisor D. Their contribution to Mf(d, e) is measured by the following constant:
K(d) :=
∑
b
K(b)
√
q
P
P∈C2(b
2
P
degP )
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where
∑
b
:=
[d′/degP1]∑
b1=[−d′/degP1]
......
[d′/degPn]∑
bn=[−d′/degPn]
.
Notice that this constant depends only on d. Here, bi’s run from [−d′/degPi] to [d′/degPi] because, at
the beginning, we make a choice of irreducible component EP for Db and we need to take each choice into
account. We need the following lemma:
Lemma 3.5. For any divisor D of type (d, e) on X with e≫ 1, we have
P(D, sml) = K(D)
ζC(d+ 1)
+O(q−e/2)
where P(D, sml) := ∑ S⊂F
e(S)<e−N
(−1)♯SP(D,S).
Proof. By Lemma 3.2,
P(D, sml) =
∑
S⊂F
finite
(−1)♯SP ′(D,S)−
∑
S⊂F
finite
e(S)≥e−N
(−1)♯SP ′(D,S).
On the other hand, one can easily see that
∑
S⊂F
finite
(−1)♯SP ′(D,S) = K(D)
ζC(d+ 1)
.
By Lemma 3.3, for e≫ 1 we have
∑
S⊂F
e(S)≥e−N
(−1)♯SP ′(D,S) ≤
∑
S⊂F
e(S)≥e−N
P ′(D,S0) =
∞∑
m=e−N
O(q−m/2) = O(q−e/2)
and we are done.
With a little bit extra work, we will prove the main theorem as a consequence of following proposition:
Proposition 3.6. For sufficiently big e≫ 1, we have
Mf(d, e) = J(C)K(d)a(d)
(q − 1)ζC(d+ 1)
√
q
(d+1)e
+O(
√
q
de
)
where a(d) =
√
q(d+1)(2−2g)−l([d/2+1]
2−1)
and J(C) is the cardinality of the Jacobian of C.
Proof. Let e≫ 1 and E be a divisor on C of degree 1. Let F := X ×C E, which is a divisor on X of height
2. Given a tuple b = (bP )P∈C2 , let Db := d
′H +
∑
P∈C2 bPEP + abF be the divisor in PicX of type (d, e).
Notice that ab is uniquely determined by e and the tuple b.
By Proposition 3.4 and Lemma 3.5, we have
Mf (Db) =
K(b)
(q − 1)ζC(d+ 1)q
l(Db) +O(ql(Db)−e/2)− 1
q − 1
∑
S⊂F
e(S)≤e
(−1)♯S .
One can apply the argument in Lemma 3.3 and show that for e≫ 1
∑
S⊂F
e(S)≤e
(−1)♯S ≤
∑
S⊂F
e(S)=e
1 = O(qe) ≤ O(ql(Db)−e/2).
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Now, let’s compute
Mf (d, e) =
∑
b¯
∑
D′∈J(C)
Mf (Db + π∗D′)
=
∑
b
J(C)[
K(b)
(q − 1)ζC(d+ 1)q
l(Db) +O(ql(Db)−e/2)];
since this is a finite sum whose size depends only on the number closed points P ∈ C2 and on d, we can take
the error term out, and thus get:
=
J(C)
(q − 1)ζC(d+ 1)
∑
b
[K(b)ql(Db)] +O(q(d+1)e/2−e/2);
Using Proposition 2.5 and Corollary 2.9, one can easily see that
=
J(C)
(q − 1)ζC(d+ 1)
∑
b
[
K(b)
√
q
P
P∈C2(b
2
P degP )
]a(d)
√
q
(d+1)e
+O(
√
q
de
);
=
J(C)K(d)a(d)
(q − 1)ζC(d+ 1)
√
q
(d+1)e
+O(
√
q
de
).
We are now ready to prove the main theorem.
Theorem 3.7. Using the notation above, for sufficiently big e, we have
M(d, e) = J(C)K(d)a(d)
(q − 1)ζC(d+ 1)
√
q
(d+1)e
+O(
√
q
de
)
where a(d) =
√
q(d+1)(2−2g)−l([d/2+1]
2−1)
and J(C) is the cardinality of Jacobian of C.
Proof. By Proposition 3.6, we just need to show:
Mf(d, e)−M(d, e) = O(√qde).
Note that for a divisor D of type (d, e), ql(D) = O(
√
q(d+1)e). If Y is an effective fiber-free divisor of type
(d, e) which is not a prime, then Y = Y1 + Y2 for some effective divisors Y1 of type of type (d1, e1) and Y2 of
type (d2, e2) with e(Y ) = e1 + e2; we can also assume that d
′
1 := d1/2 ≤ [d/4]. Therefore,
Mf (d, e)−M(d, e) ≤
[d/4]∑
i=1
e∑
j=0
O(
√
q
(2i+1)j+(d−2i+1)(e−j)
)
≤
[d/4]∑
i=1
e∑
j=0
O(
√
q
(d−2i+1)e
) =
e∑
j=0
[d/4]∑
i=1
O(
√
q
(d−2i+1)e
)
≤
e∑
j=0
O(
√
q
(d−1)e
) = (e+ 1)O(
√
q
(d−1)e
) ≤ O(√qde).
This completes the proof.
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Let X = P1 ×Fq C with an embedding X →֒ P2 ×Fq C via O(2, 1). Then, l = 0 and a(d) = q(d+1)(1−g);
K(d) = 1 since there is no singular fibre. For a given multisection Y in X corresponding a degree-d algebraic
number P ∈ Fq(C) over Fq(C), e(Y ) = 2nd.h(P ) where h(P ) is the height function used in Thunder’s paper
[Th2] and n = [Fq(C) : Fq(t)]. Having noted our notation, one can check that we get Thunder’s result for
even integers d ∈ Z [Th2, Theorem 1] as an immediate corollary of Theorem 3.7:
Corollary 3.8. The notation is being as above, we have:
MX(d, e) = J(C)a(d)
(q − 1)ζC(d+ 1)
√
q
(d+1)e
+O(
√
q
de
).
Note that there are multisections of odd degree only if the conic bundle has trivial generic fibre, that is
when the generic fibre is isomorphic to P1
Fq(C)
. We remark that one can get the result for odd d in exactly
the same way as above. Everything works! This case is not done here because one needs to split each result
of this paper into cases where d is odd or even. Since the case of trivial conic bundle is already proven, we
find unnecessary to make the paper longer than it is.
Now, we will consider the number field analogue of our result and conclude the discussion with a question.
So, let X →֒ P2 be a conic defined by the equation ax2 + by2 + cz2 = 0 for some pair-wise relatively prime
a, b, c ∈ OL where L is a number field with [L : Q] = n. Let HX be the height of the coefficient vector of
the equation of X in P2. Let NX(d,B) be the number of P ∈ X(L) with [L(P ) : L] = d and H(P ) < B.
Set r to be the number of real embeddings of L; 2s to be the number of complex embeddings; ∆L to be the
norm of the discriminant; hL to be the class number; wL to be the number of roots of unity; RL to be the
regulator and finally set ζL to be the Riemann-Zeta function of L.
By [MV, Theorem], NP1(d,B) has the leading coefficient
S(L, d) = dVR(d)
rVC(d)
s(d+ 1)r+s−1(
2r(2π)s√|∆L|
)d+1
hLRL
wLζL(d+ 1)
where the embedding P1 →֒ P2 in question is via OP1(1). We want to discuss how the leading coefficient in
this case generalizes to more general case where we have any conic X ⊆ P2/L. We will do this using our
generalization in function field case and the analogy between function fields and number fields.
The contribution (to the leading coefficient) of places of function field Fq(C) is 1/ζC(d+1) and it does not
change when passing from P1 to a conic X →֒ P2; in number field case, this contribution is VR(d)rVC(d)s(d+
1)r+s−1/ζL(d+1) which one does not expect to change by analogy (for their definitions, see [MV]). Constants
hLRL and wL are, respectively, direct analogies of J(C) and q − 1; which will stay the same. The term
(2r(2π)s/
√|∆L|)d+1 is analogous to a(d) so it should be changed to (2r(2π)s/
√|∆L|)d+1(Hd
2/4+d
X )
−1. Note
that constant d in the leading coefficient of S(L, d) does not appear in the leading coefficient of M(d, e)
because M(d, e) counts degree-d polynomials not their roots.
The only thing left is the contribution of the ”singular fibres”, which is denoted by K(X, d) and it is
defined as follows. We may assume X is defined over the ring of integers OL. Set L1 to be the finite
set of primes ℘ of L such that X ⊗ OL/℘ is irreducible but not geometrically irreducible, and L2 to be
the finite set of primes ℘ of L such that X ⊗ OL/℘ is reducible. Let L2 = {℘1, ..., ℘n}. Given a tuple
b = (b1, ..., bn) = (b℘)℘∈L2 , define
K(b) =
∏
℘∈L1
1−N℘−(d+2)
1−N℘−(d+1)
∏
p∈L2
(1−N℘−(d′+b℘+1))(1−N℘−(d′−b℘+1))
1−N℘−(d+1) .
Finally, define
K(X,L, d) :=
∑
b
K(b)
∏
℘∈L2
√
N℘
b2℘
where
∑
b
:=
[d′/N℘1 ]∑
b1=[−d′/N℘1]
......
[d′/N℘n]∑
bn=[−d′/N℘n]
.
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Question 3.9. Let the notation be as above. Is it true that
NX(d,B) = S(X,L, d)Bnd(d+1)/2 +O(Bnd2/2)
where
S(X,L, d) =
K(X,L, d)
H
d2/4+d
X
dVR(d)
rVC(d)
s(d+ 1)r+s−1(
2r(2π)s√|∆L|
)d+1
hLRL
wLζL(d+ 1)
.
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